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Particle Traj ectories, Heating, and Breakup
in Hypersonic Shock Layers
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Avco Systems Division, Wilmington, Mass.
An analysis is made of the motion of small, spherical, noninteracting solid or liquid particles
through hypersonic flowfields over spheres and cones. It is shown that the motion of the par-
ticles depends only on the density ratio across the shock and a dimensionless balllstlc param-
eter. Approximate solutions to the particle equations of motion are obtained in closed form
in terms of these parameters for two flow configurations, a sharp cone and the stagnation re-
gion of a sphere. A technique is derived for the determination of the aerodynamic heating and
melting (or vaporization) of the particles as they traverse the shock layer. Results for the
particle mass loss as a result of heating are presented for. the stagnation region, the more se-
vere heating environment. Existing coljrelatlons of experimental data on the breakup of drops
due to aerodynamic forces are used to predict the extent of raindrop breakup in the shock layer.
Nomenclature 6. = cone half-angle
) ] = angular independent variable defined by Eq. (21)
A = cross-sectional area of particle g ’
Cp = drag coefficient of particle based on area A, assumed Subscripts
constant : =
f,9,F,G = flow and particle velocity perturbations deﬁned by f - ;(t)xgi)lg;)gifftaigtr?;) fg;gézle into ShOCk layer
Eq. (5) = behind bow shock wave at point where particle enters
h = gas density perturbation defined by Eq 5) shock layer ;
H, = dimensionless heating rate group defined by Eq. (43) SL = along stagnatlon line
K, = ba%l;h(c;)coefﬁment for stagnation region defined by 0,1,2 = coefficients in expansion in powers of /2 (stagnation
K. = ba?zl;,t)m coefficient for conical region defined by Eq. o = fr;:sgtlg;)n?f:;nsiz?olrclzl region)
L = thickness of conical shock layer Shock tube notation used in Sec. IV
m = mass of particle ) : i )
q = average heat-transfer rate over front surface of parti- b = pa/c ) )
cle ' s = distance between particle and shock wave
Qstag = stagnation-point heat-transfer rate of particle us = shock wave velocity ) .
Q = heat capacity plus latent heat of fusion of particle us,pr = flow velocity and density behind shock wave
r = particle radius, u i z = distance which particle has moved
R,0 = polar coordinates (see Fig. 1) i
B = R/E; (conical region) I. Introduction
Rx = nose radius .
¢ = time from entry of particle into shock layer VEHICLE flying through the atmosphere may encounter
uY = flow velocity componentsin R, 6 directions suspended particles of water, ice or dust, and it is of
U,V = particle velocity components in R, @ directions: interest to determine in what way the flowfield around the
R u = dR/dl, V = Rdb/di body influences these particles. In general, the particles will
w,0, U,V = flow and partlcle velocxty components nondimen- R b e
sionalized by Ve b_e (_ieceleratpd, deﬁecfced, melted, and, if they are initially
Ve = freestream velocity liquid, shattered by the gas flow about the moving body.
w = relative velocity [(U — u)? 4+ (V — v)2]1/2 The deceleration and deflection effects have been studied in
) =w/Vs incompréssible flow by Taylor.! "The. present authors exam-
Yy = nondimensionalized independent variable defined by ined these effects for compressible’ flow (most recently in
Eq. (2) Ref. 2) using an approach somewhat similar to that adopted in
B = impact angle (see Fig. 1) o Sec. I below. Probstein and Fassio? subsequently studied
A = bow shock wave standoff distance on stagnation line the same problem, but invoked the assumptlon of constant-
€ = shock wave density ratio (pw/pso for stagnation region, density fow.
pe/ps for conical region)
0 = gas density In theé present paper, the effects of deceleratlon, deflection,
20 = 2.498 X 102 slugs /ft? melting, and shattering will be analyzed for spherical and
s = gas density behind bow shock wave conical bodies in compressible flow.. The analysis of the
Pso = gas density behind bow shock wave evaluated at axis flowfield effects for the sphere is limited to the:stagnation
of symmetry region. Approximate, closed-form solutions are obtained in
p p/pso for stagnation region; p/ps f01” conical region each case for the trajectories of the overtaken particles.

These solutions are then used to analyze the melting of par-
ticles along the stagnation line of the sphere. Finally,
relevant experimental datat® are employed to calculate the
shattering of 1n1t1a11y liquid particles for both the sphere and
cone,

The emphasis here has been to obtain general closed-form
solutions that are amenable to slide rule caleulations. To
illustrate the results, numerical calpulations are made of
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shock-layer effects for a body flying through sand and ice
particles and rain.

Throughout the paper, it is assumed that the suspended
particles are spherical with uniform density, noninteracting,
and present in sufficiently low concentration so as not to alter
the flowfield around the moving body.

It is further assumed that the drag coefficient C'p of the par-
ticles is a constant independent of particle size, velocity, and
flow density. This is a reasonable assumption in view of the
relatively large Reynolds numbers and Mach numbers of
particles with radii greater than 5 u, which is the size range of
physical interest. In the numerical calculations cited, the
Reynolds number for particles behind the normal shock in
the stagnation region is 580 r, where 7 is the particle radius in
microns, and the Mach number is 2.5. Behind the conical
shock, the Reynolds number is 110 » and the relative Mach
number is 1.

II. Particle Trajectories

Stagnation Region

In the stagnation region, we express the equations of mo-
tion in polar coordinates (R, §) with the origin at the center of
curvature of the bow shock on the line of symmeftry (Fig. 1).
The corresponding flow velocity components are denoted
(u,»), and the particle velocity components are denoted
(U,V). The equations of motion for a particle expressed in
this coordinate system are

m[dU/dt — V/R] = —LCpApw(U — w)  (la)
m{dV/dt + UV/R] = —% CoApw(V — v) (1b)

where w = [(U — u)? + (V — »)?]'2 is the relative velocity
between the particle and the flow. We introduce dimension-
less velocity components @, ete. and density p, nondimen-
sionalized by Ve, the magnitude of freestream velocity, and
ps, the density behind the shock on the line of symmetry
(stagnation line). We will employ a nondimensionalized
independent variable

y = (Bs — R)/A @)

We will assume, consistent with the hypersonic flowfield
approximation made below, that the shock and body are
concentric, so that Bs = Ry + A. Expressing Eq. (1) in
terms of these variables and replacing ¢ by y as the inde-
pendent variable, we obtain

- dU A V2 g
TR T AR =y Rl @) ()
a7 A o7 )
a_ 4 = Kspi(V — 5) (3b
Iy~ Be 1T (AR =g - KepeV =0 (30)
where

Ks = C’DApSOA/2m
For a spherical particle with uniform density o and radiusr,
Ks = 3CDpsoA/80'T (4:)

In the vmnlty of the stagnation line, Eqs. (3) can be
solved by expressing the variables in appropnate power series
in the angular variable §:

%= %sz(y) + () + ..., 7= 0g(y) + ...
B = psuly) + 6%h(y) + ...
U=Usy) +6F@) + ..., V=0Gy + ... (5

Substituting and separating out powers of 8, we obtain for the
leading terms

Usc(dUsi/dy) = —Kspsp(Usy — @sr)? (6a)
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Fig.1 Coordinate system.

- dF dUsz A G(G@ — 2F)
Ust — F —
o T TR T AEA =)

—Ks{pse[2(Ust — ast)(F — f) +
| 3G — 9)?) + h(Usz — @s1)?}  (6b)
- dG A

7,% _ A QG + Usy) _
Ldy " Ryl -+ (O/RyA =)

—KS§SL(0SL — a5)(G — g) (6c)

Equations (6) can be solved in closed form if we make certain
reasonable assumptions on the behavior of the flowfield
variables and the solution itself. Let ¢ be the shock density
ratio on the stagnation line. The shock near the stagnation
line will be taken to be a sphere. We shall approximate
i, U, and p by linear functions of y satisfying the boundary
condmons at the shock (y = 0) and at the surface of the body
(y=1):

s, = —e(l —y), pse =1+ eky
f=eG =81 -y, g=1-—y+ ey
h= —[& + (& — &)yl @

where

£ = [(Psn): — 1)/e = [(ps): — (psr)s]/pe
£ = —§[(0%/00%)(B,) sz, & = —3[(0%/06%) (B} 151
£ = —(1/e)[(0/08)(5:) Jsz

The standoff distance, assumed mdependent of 9, 1s given by
the equation :

A/Ry = efa ®)

Equations (7) imply an ordering of the various quantities with
respect to the density ratio e. Thequantities &, &, &, and &,
can, in prineiple, be determined from a limiting theory such
as constant-density theory or the constant-streamtube-area
flow model, but it will generally be preferable to evaluate
them from numerical flow solutions or experimental data.
Hence Eqs. (7) are not necessarily associated with any
theoretical flow model. . Based on numerical solutions, a
representative value of £, is 4. For a perfect gas, & =
2/[(y = 1)M«? + 2] and is therefore small at high Mach
numbers. The value of &, is given quite accurately by 2.
For a perfect gas,

b &/(v+ D x2/(y+ 1)
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Fig. 2 Capture area ratio for spherical nose.

From flowfield solutions for spheres,®” A/eRy ~ 0. 78 and
we shall use this value for £,4.

We shall now make the high-speed approximation that e is
small, so that the solution for the particle trajectory can be
expanded in a series in e!/%;

0SL= (70+€U2+ ey F=F0+€1/2F1+6F2+
G = G+ €76 + Gy + . .. ©)

We substitute Eqs. (7-9) into Egs. (6), expand, and equate
powers of €, €'/2, etc.. From the ¢® terms, we have

Uo(dUo/dy) = —KsUs? (10a)

0, " dF" +RL" dU" — —Ks{20Fo + } (Go— 14 9)* ~
Ulé + (& — E)yl} (10b)
ﬁo(dGo/dy) = _KSUO(GO ~ 149y (10c)

The €'/2 terms yield

7, dil s ‘%g—“ - —K.20; +

(Go =1+ y)(G — &) (11a)
ﬁodGl/dy = —KsﬁO(Gl - Evy) (11b)

These equations are subject to the following boundary
conditions at the shock (y = 0):

U0) = =1, Fo(0) = 4, Go(0) = 12)
Fi(0) =0, Gi(0) =0
Subject to these condifions, the solutions to Egs. (10) and
(11).are as follows. For the e° terms,
Ue = —eKy (13a)
Fo= (1/4K2){eXw — 4+ [2K.? + 3 + 2K,(1 — 2K.2E)y +
2K (& — &)ytle®w}  (13b)

= (/K)L — e &) + 1 — y (130)
For the €'/2 terms,

Fy = —(&/2K) 65w — 4 + 2Ky + 3)e %] (14a)

Gy = (5/K)(Ky — 1+ e7Ew) (14b)

The trajectory of a particle can be obtained from the equa-
tion

R(d6/dR) = V/U (15)
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Substituting, we have

0dy _RN+A(1—y)ﬁ+O(02)

—ets (gﬂo + e %) +0ne) (16)

We shall make the substitution § = 8/6,, where 0, is the

value of # at the point of entry into the shock layer, and ex-
pandin eand 6,2:

0=1+4¢€lf+ e+ ... +002+...1 A7)

By substituting in Eq. (16), equating terms of the same order
in ¢ and integrating, we have derived the first two terms in
the expansion:

= —(&/KH{K.(1 + y) +2 -
[K.(1 — y) + 2leky} (18a)
= (&a&/KND Ky + 2 + (Ky — 2)ekw]  (18b)

The values of the various quantities at impact are found by
taking ¥y = 1 in the preceding equations. Of particular
interest are the impact angle and the ratio of the impinging
particle mass to the mass that would strike the surface in the
absence of a shock layer, dubbed the “capture area ratio” in
the authors’ previous work and the “collection efficiency’” in
Ref.3. The capture area ratio is given by

m; _ f Bysind\? 14 eka 2 o
My - (RN Sin0¢> - [1 + e(éo)i 4 53/2(51)1;] + 0(6 ,03 ) =
14 eéa 2

1+ (efa/K 2 {2(e%: — K, — 1) + + ... Q9
£.et?[(K, — 2)eX. + K, + 2]}

This quantity is plotted in Fig. 2 to the indicated order of
approximation along with the result of Ref. 3 (in Ref. 3,
B corresponds to the reciprocal of our K ,).

In contrast to the theory of Probstein and Fassio,® the
capture area ratio does not show an abrupt cutoff as a funec-
tion of K., and does not vanish for any particles. In addition,
there is a substantial variation with € as well as K,. These
discrepancies may be accounted for by the approximation
O] > |a| (in our notation) made in Ref. 3, which invalidates
the results in that paper for particles small enough to be
appreciably decelerated. Clearly, all particles, no matter
how small, which are not melted or shattered must strike the
body in thls region.

0 ] K, 2 3
ICE; i L | | r{MICRONS)

N 20 10 M3 10, RyzO.I FT.
SAND L L L L

s ) s 3 > SEA LEVEL €=012

Fig. 3 Impact angle variation for spherical nose.
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The impact angle is defined by the equation

B = tan™? <— %) = §+ 0 (%) + 0(6%) =

™ G0+€1/201 _

721 — I% fe¥, — 1 4 €28, [(K, — De&s + 11} -+ ... (20)
In Fig. 3 we have plotted (/2 — B)/6, which is unity for an

undeflected particle.

Conical Region

Sufficiently far downstream of the stagnation region, the
shock layer becomes approximately conical. The polar
coordinate system (R,6) for a conical shock layer is illustrated
in Fig. 1. The principal effect of the conical shock layer in
the present context is to deflect the particles away from the
surface, since the axial deceleration of the particles is small
and there is insufficient relative velocity to cause appreciable
heating and melting, at least for sand particles.2 We shall
therefore be concerned with the reduction in the impact angle
B8 measured from the vehicle surface (Fig. 1), which in the
absence of a shock layer is equal to the cone half-angle 6..

The equations of motion for a particle expressed in this
coordinate system are identical to Egs. (1). We introduce
dimensionless velocity components as before, defining 5 =
p/ps, E = R/R;, and define a new angular variable

6 = (03 - 0)/(03 - 00) (21)

Here R is the radial coordinate of the impact point. We ex-
press Egs. (1) in terms of these variables and replace ¢ by 6 as
the independent variable:

(V/R)[dU/dB + (8, — 0)V] = Kpw(U — @) (22a)
(V/R)[dV/db — (6, — 001 = K.pn(V — 5) (22b)
where ‘
K. = CpAp,R:(6, — 6.)/2m = 3Cpp.Ri(6, — 6.)/8ar (23)

As in the stagnation region, we shall approximate the flow-
field variables @, #, p by linear funections in 6 satisfying the
boundary conditions at the shock (6 = 0) and at the vehicle
surface (8 = 1):

% = 7, — €\, T = —esind.(1 — 0)

=14 e\d (29)

=l
+

where
Nu = (1, — 1:)/e = (cosf. — @;)/e
A= (P — V/e= (pi — ps)/p=

By examining appropriate conical flow solutions, it can be
verified that these are very adequate approximations to the
actual behavior of the flow variables.? Furthermore, since
the shock layer thickness (6, — 6.) is proportional to the
density ratio e = p/p., we define Ag by the equation

(0: — 0:)/0, = €Ns (25)

Representative values are N\, =~ 0 and A\, =2 0.212. The
quantity Ag varies somewhat over the range of interest, but
an average value of 0.6 can be employed for ¢ < 1. (In
constant-density theory, Ag— 0.5 for small cone angles.)

We make the high-speed approximation that e is small, and
expand the drop velocity components in powers of e:

(7 = (70-!— 6171 + 62U2+ (26&)
V = Vo + €V1 + 62172 + (26b)

Since in the limit e — 0, B — 1, an expansion for the radial
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coordinate analogous to Eqgs. (26) is
R=1+ e+ &R+ ... (27

where each coefficient of € is understood to be a funection of 6.
We will verify later that Eq. (27) is the appropriate expan-
sion.

Substituting Eqgs. (24-27) into Egs. (22), expanding, and
equating powers of ¢, we find that the first two components
satisfy the equations

Vo(dUo/dB) = Kabo(Uo — cos.) (28)
Vo(dVo/dé) = Kc’lf)()Vo (29)
Vo(dU,/df) + (dUo/db) V1 —
K.[woU1 + (Ty — cosfo)i] = Kavo[Nf +
Nobe sinfe + (To — e0s6.)(Br 4+ N1 — Neb.Ve?  (30)
Vo(dV1/dB) + (dVo/df — Kavg) Vi — K Vo =
Kabo[sing,(1 — ) + Vo + M) + Neb.ToVo  (31)
where
By = [(Ty — cosfo)? + Vy2]2
By = (1/100){ (Uo — c0360e) (U1 + Nub + N, sinbe) + )
Vo[V + sinf.(1 — 0)]}

Here, in contrast to the stagnation region, we have retained
terms of order €! since e is larger for given freestream condi-
tions.

The solution of Eq. (28), consistent with the boundary
condition at the shock, is

Uo = cosb. (32)
Equation (29) then has the solution
Vo = ""6—‘Kn§ sinf, (33)

By expanding Eq. (15) in powers of € and invoking the bound-
ary conditions on F at the surface, we see that the expansion
(27) for B is correct. The functions B, and R, are de-
termined from the first- and second-order components of
Eq. (15):

dR/df = — 20U/ Vo
dR./df = R dR,/df — ()\ooc/Vo)[U1 — UoVi/Vo + N0l

yielding

Ry = —(N\gb. cotf/K,)(eX. — eK) (34a)

By = (Nob. cotfe/KD[(1 — Nob. cotho){ [E(eX. +
eKD) — 2(K, + 1)](eX — K — K (1 — §)erKH}

K No{[0: tanf, — 1 + (eX. + {1 — 8}eEd — 1)4, X
cotl.](eXe — eXF) — (K,/2)(1 — 62)6, tand.} +
(N/cosfo) { (K. — 2)(eXc — eKd) + K. (1 — §)(1 +
KN} — (/D2 — 2K, + 2)(ek. — &) +

K1 — §)[K.(1 + 8) — 21eE9}] (34b)
Substituting into Eqs. (30) and (31), integrating, and apply-

ing the appropriate boundary conditions at the shock, we
obtain

Uy = _()‘E/Kc)(Kcé -1+ e"‘Kcﬁ) +
Nob; sinfo(fe~%F — 1)  (35a)
Vi = —(2sinb/K)[(K. + 1)1 — e~ Kd) — K]+

(N, sinfe/2) K f2e =K - (Noh, cosbe/Ko) X
2 — (K. + 2 + KfeK)e~ K] (35b)
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Fig. 4 Particle radius at impact, including mass loss by
heating.

To obtain conditions at impact, we evaluate Eqgs. (32-35)
atd = 1. The capture area ratio is

my/m, = (R, sinf,/R; sinf,)? ==
[1 + eNgfe cotfe + €2Ng%8. (cotf. — 6./22] X
[1 4+ eRi(0) + e2R2(0)]2 (36)

The quantity of primary interest, the impact angle, can be
determined from the equation

B = tan~! (— _g>1 =

Ve Ve (TTy) — (O T )
Lo (- 20), <0t - P o]+ 0@

(37

II1. Particle Heating

With the solution for the particle trajectories in the body
stagnation region in hand, we can now proceed to estimate the
aerodynamic heating of the particles. Since a significant
fraction of the particle mass may be heated to the melting
point, it is appropriate to examine any broad assumptions
that may be made regarding the rather complicated details
of the melting process. To allow a relatively simple solu-
tion, we have assumed that the particle material immediately
reaches the melting temperature, liquefies, absorbs its latent
heat, and is immediately swept away without altering the
local heat-transfer rate. In this way our analysis probably
overestimates the particle material lost by melting. Note,
however, that this simplifying assumption is not unrealistic
in view of both the very large shear felt by the melted mate-
rial and the substantial centrifugal forces due to the large
spin rates likely to be caused by asymmetries in the small
particles.

To complete our ablation analysis we further assume that
the particles are spheres heated only over their front halves at
some average rate ¢, and that they retain their spherical
shape as they melt. With these assumptions, net energy
conservation for a particle subjected to an average heat rate
g over the front face gives

2nr2q = — oQ4wridr/dl (38)

where @ = C, (T'tys — Tw) + Quas is the sum of the heat
capacity of the particle material from its initial temperature
to fusion temperature and the latent heat of fusion.

For the Reynolds numbers of interest here, the heating of
the front face is laminar, and we can estimate® that ¢ =
0.53 @stag, Where goae is the stagnation point heating rate.
The function gs.. can be obtained by correlating the experi-
mental results of Rose and Stark,? since their shock tube ex-
periments precisely simulate the doubly shocked environ-
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ment of the drop traversing a shoek layer. Such a correlation
yields

Qstag = E/rl/2 (39
where
E =2 2(pe/ po) Y2 M 3-5[Btu/ft?/2 sec] (40)

These equations yield the steady stagnation-point heating for
a particle that is not decelerated in the body shock layer.
To account for this deceleration effect, we write the speed-
dependent, average heating rate to the particle as

q = 0.53 qscag(—U)3 (41)

For the purpose of the heating calculation along the stagna-
tion streamline, we employ the solution for U, given by Eq.
(13).

As before, we replace ¢ by y as the independent variable.
Let 7 = r/r., where r. is the initial radius of the particle.
Then, substituting Eq. (41), Eq. (38) can be written

Fiadr/dy = —0.265H, exp(—2K,y/7) (42)
where the dimensionless group H. is defined as
H., = EA/oQVar3? (43)

and where K ,, is defined by Eq. (4) withr = r..

Equation (42) has been integrated numerically for various
values of H, and K,,. The results for 7; are shown in Fig. 4,
and U; = —exp(—K,,/7:) is shown in Fig. 5. Note that for
H, greater than about 6, the particle has very little velocity at
impact. For small values of K,,, #; =~ (1 — 0.398 H,)2/3,
which vanishes for H, = 2.52. For values of H, greater than
2.52, U; goes to zero instead of unity for small K,,; but this
behavior is not physically significant since the assumption
C'p = const breaks down for extremely small particles.

For particles that are only slightly melted, we can interpret
H, as the total aerodynamic heating received by the particle
while traversing the shock layer divided by the total heat
capacity (including latent heat) of the particle.

In this analysis we have neglected radiative heating, since
although the temperature and density in the particle’s shock
layer can be very high, the radiating volume is generally
small. Estimates were made under typical conditions of the
thermal radiation to the particle from its shock layer and
from the body shock layer. These estimates indicated the
radiative heating from both sources was much less than the
convective heating.

In principle this melting calculation can be carried out in
the conical region as well. However, as a practical matter,
conditions in the conical shock layer are generally not suffi-
ciently severe to cause significant particle melting.

IV. Particle Breakup

We now consider the situation in which the particles over-
taken by the shock layer are initially liquid, as when a vehicle

Yi o5k
Vo

o 1 L Y
o} 1.0 2.0 3.0 4.0
K

se

Fig. 5 Particle velocity at impact, including mass loss by
heating.
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flies through rain. In addition to being decelerated, de-
flected, and heated as they traverse the shock layer, liquid
drops are distorted and shattered by the air flow behind the
shock wave. We shall treat this problem in the context of
the zero-order solutions discussed in Sec. IT to the extent that
aerodynamic properties will be assumed constant between
body and shock. As will be seen later, this assumption is
consistent with the experimental data upon which the drop
shattering analysis is based. Since the distortion of the
drops increases their drag to several times the initial (spheri-
cal) drop drag, however, thereby making Cp a function of
time, we shall use experimental results for the drop decelera-
tion rather than calculating it.

Shock tube studies particularly relevant to this problem
have been reported by Nicholson* and Ranger and Nicholls.®
Both studies employed a shock tube to measure the time re-
quired for drops falling across the tube to be shattered by the
flow behind the shock wave. The experiment is sketched in
Fig. 6 in room fixed coordinates. The distance s behind the
shock wave in which the drop is shattered is given by

§ = Ut — T
This equation can be rewritten in dimensionless form as

s _ tuz(pz/o)""[ @ N_z_p et
9 2 bi2(1 — ¢) 2 Tl — €

(44)

where 7 and X are defined by the last equation, where ¢ =
p=/p2 (as just seen) and b = pw/g, and where we have used
the fact that, in this coordinate system, us/u, = 1 — e
The significant experimental result of the two cited studies
was that both the dimensionless groups T and X were con-
stant and independent of the test conditions u,, pe, and 7.
Therefore s/r depends only on the parameters e and b.
This experimental result preserves the similitude discussed in
Sec. II with the exception that a new parameter b has been
added. This new parameter is altitude dependent through
pw=.  Thus for any given flight conditions, the distance be-
hind the shock wave in which a drop is shattered is propor-
tional to the drop’s initial radius.

Before continuing, the limitations on the test data should
be enumerated and emphasized. The shock Mach number in
the tests was 3.5 or less, the initial density was atmospheric
or less, the drop diameters ranged from 0.9 to 2.7 mm, and air
and water were the only tested fluids. Therefore, use of the
data for smaller drops or higher shock Mach numbers is
speculative, as is the effect on the quoted correlation of the
liquid density o. Moreover, although the drop loses mass
due to the stripping action of the air more or less continuously
after shock passage, only the time at which the drop was
totally shattered was determined. Finally, the criterion for
what constituted a ‘‘shattered” drop was different in the two
experiments.

UNDISTURBED DROP
o BEFORE SHOCK
U U ?r ARRIVAL
2 S |
|
|
1
|
|
! P2 | P
DROP DISPLACED I —
AND SHATTERED | foons uz [Us
AT TIME t x | s
AFTER SHOCK  h—>te ~
PASSAGE | ! |
1 Ust il
¥ han |

Fig. 6 Shock tube drop shattering experiment.
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Fig. 7 Drop breakup in stagnation line and conical flow.

Based on their test data, Nicholson? reports 7 = 3.49 and
X = 12.1, whereas Ranger and Nicholls® report 5.0 and 27.5,
respectively. Clearly, the shattering criterion used by
Ranger and Nicholls corresponds to a later stage of drop ero-
sion than that of Nicholson.

Returning to the question of the drop traversing a shock
layer about a vehicle and referring to Fig. 1, we note that the
drop of initial radius r for which s just equals A (in the stagna-
tion region) or L (in the conical shock layer) is the minimum
initial size drop that will strike the body at those points.
Smaller drops will be entirely shattered before reaching the
surface. Noting that

L = R;sin(8, — 0.)

and defining
B = €/2/bl2(1 — ¢) (45)
we have for the stagnation region
A/rm = 2(BT — X) (46)
and for the conical region
Ri/rn. = 2(BT — X)/sin(8, — 6) 47)

where r,, is the initial radius of the smallest drop that will hit
the stagnation point or the longitudinal location RE; on the
cone, respectively.

Note that in the shock tube experiments, the gas state be-
hind the shock wave is constant. Thus, equating s with A
neglects the variation in gas speed and density between shock
wave and body stagnation point. Similarly, equating s with
L is strictly correct only for flow over a wedge, in which flow
properties are invariant between the shock and the body. (In
drop-fixed coordinates this wedge flow corresponds to the flow
behind a normal shock of speed M« sinf,, with a corresponding
value of e for the oblique shock.) It is in this sense that the
drop shattering analysis corresponds to the zero-order solu-
tions presented in Sec. II. In view of the nature of the shock
tube experiments, no simple improvement can be made to
account for gas property variations in the actual shock layer
surrounding a body.

We can further simplify the above equations by making use
of the high-speed correlations (8) and (25) for standoff dis-
tances given in Sec. II, with £A = 0.78 and Ny = 0.6. The
stagnation point solution then becomes

Ry/rmn = (2.56/¢)(BT — X) (48)

and, making the small angle approximation, the cone solution
is ‘

0.R:/rm = (3.64/¢)(BT — X) (49)

These two functions are plotted vs e for various values of b
in Fig. 7 using the empirical values of T' and X reported by
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Fig. 8 Particle trajectories, Ry = 0.1 ft.

Nicholson. Assuming that the liquid drops are water, pe
and, hence, the altitude A, are specified by each value of b as
noted in Fig. 7.

Recent experimental work®1! has been carried out at
higher shock Mach numbers, yielding a better simulation of
conditions in the shock layers of high-speed vehicles. This
work substantiates the empirical value of T reported by
Nicholson for- the lower shock Mach numbers but suggests
that a different mechanism of drop breakup may become
important for higher shock Mach numbers,’* in which the
value of T at breakup is a function of the local Weber num-
ber. For this reason, the results shown in Fig. 7 for values of
€less than about 0.2 may not be valid for certain combinations
of vehicle configuration and drop size. The effect of the
more recent data presented in Refs. 10 and 11 on drop breakup

ATAA JOURNAL

in high-speed shock layers will be explored in a subsequent
report.

V. Numerical Calculations

In order to illustrate the relative importance of shock-layer
effects, we have considered the particular case of a 10° half-
angle cone blunted by a 0.1-ft nose radius. The flight con-
ditions are M = 10 at sea level.

Ballistic coefficients for the nose and cone regions were
calculated from the formulas

K, = (30ppeo/80')£ARN/T, K, = (301)[)::0/80’))\993}31'/7'

For the stagnation region, the capture area ratio and impact
angle for unmelted ice and sand particles of various radii have
been indicated on Figs. 2 and 3, with ¢ = 0.12 in this case.
The drag coefficient Cp was assumed to be unity; for the sand
particles, we took o = 4.85 slugs/ft®. Although the effects
shown are relatively small for this nose radius, it should be
noted that a 10-p-radius ice particle, for example, would
impact with about one-third the freestream velocity ac-
cording to Eq. (13), independent of melting effects, a signifi-
cant loss of energy.

Typical particle trajectories in the nose region are illus-
trated in Fig. 8. For the nominal 0.1-ft nose radius, these
are the trajectories of either 3-u-radius ice particles or 1.2-u-
radius sand particles. For a larger 0.5-ft nose radius, the
scaled particle radii would be 15 and 6 p, respectively. Equa-
tions (17) and (18) have been employed in these computa-
tions. ‘

For the conical-flow region, Fig. 9 shows the capture area
ratio and impact angle as functions of K. and illustrates the
values of these quantities for ice and sand particles striking
the body at a point 10 ft downstream from the nose. We note
that for 8. < 20°, terms containing 6, tan 6. and tan28. are
negligibly small in 8 and R,, so that with ., = 0 we have

B ~ tan~'(e~Xe tand,) - ee—XKc tanf, X
{2[(Ke — 1)/K, — 1] — NK/2 — M. cotb X
{2 — Ko(e®e — 1)/K. — 2]}
Ba(0) ~ (Nob. cotbo/K2) {(1 — Nob, cotf){K. + L +
[8eXe — 2(K, + 1)1eKe} + K.ho(eXe0. cotf, — 1)(eXe — 1) +
/22 — (K2 — 2K, + 2)eke]}

In Fig. 9 we have taken ¢ = 0.35. Since the convergence of
the series for R(0) in e was poor for K, > 1 in this case, we

s PRESEN T THEORY s GC =10
——— PROBSTEIN & FASSIO SEALEVEL
10~ 10 T T T
B m; mi/ Mg
)
(DEGREES) Ms
5 0.5 B . .
Fig. 9 Capture area ratio,
impact angle for 10° cone.
1
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expressed the series as a rational fraction following Shanks!?:

mi < 1 >2 {RI(O) + e[R:2(0) — 32(0)]}2

ms = 1 - €>\0 Rl(o) - GRz(O) )
The results for the capture area ratio shown in Fig. 9 agree
well with those of Probstein and Fassio,® and indicate that in
general the impact angle is a more sensitive parameter for
assessing particle deflection effects in the conical shock layer.
Figure 9 shows that deflection effects in the conical shock
layer can be important even for relatively large particles.

The effects of particle melting in the stagnation region of
the 0.1-ft-radius nose are shown in Fig. 10. In these calcula-
tions we took @ = 8000 Btu/slug for ice and @ = 24,000
Btu/slug for sand. The computations are based on the
solution shown in Figs. 4 and 5, which takes into account the
combined effects of deceleration and particle mass loss due to
melting. Although the reductions in particle radius due to
heating that are shown in Fig. 10 are generally quite small,
the mass reductions are proportional to the cube of the radius
and hence are more substantial. We observe that sand par-
ticles of 2 p radius and ice particles of 6 u radius lose all but
8% of their impact velocity, whereas sand particles of 7 u
radius and ice particles of 18 p radius lose half their impact
velocity. :

To illustrate the significance of the drop shattering phe-
nomenon, we observe that in the stagnation region we get
rn = 50 u from Eq. (48) using the empirical values for 7' and
X given by Ranger and Nicholls®; we get r,, = 53 u using
Nicholson’s values.* Hence it appears in either case that
water drops less then 0.1 mm in diameter will be shattered
before reaching the body surface in the nose region. It fol-
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o2}
oft
I 1
OO 5 10
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lows that rain drops will be generally unaffected, whereas
cloud droplets, whose radius is about 10 u, will not reach the
body surface. This conclusion should be qualified, however,
by noting that this calculation extends the data correlation
well beyond its empirical range.

In the conical region, the initial size of the smallest drop
that will hit the body depends on the slant distance to the
point of impact B.;. This is illustrated for the 10° cone in
Fig. 11, based on Eq. (49). Note that since most raindrops
are of the order of 1 mm in diameter, few raindrops will reach
the cone surface aft of the 7-ft station.

VI. Conclusions

Approximate, closed-form results have been presented for
the deceleration, deflection, melting (or vaporization), and
shattering of small spherical particles, either solid or liquid,
in the flow field around a high-speed body. The analytical
approach has been to express the pertinent quantities in
series in the small density ratio across the bow shock wave.
In the stagnation region, the trajectory of a particle depends
on the parameters € and K; the mass loss due to heating
introduces the additional parameter H., and the shattering
depends as well on the parameter b. In the conical flow re-
gion, the half-angle of the cone 6, becomes a parameter.

Based on the analysis, calculations have been carried out for
a particular configuration traveling at Mach 10 at sea level.
The effects of particle deflection in the stagnation region for a
0.1-ft radius nose are small except for very tiny particles, but
the deceleration effects are substantial for ice particles with
radii on the order of 10 u. Relatively little material is re-
moved by melting of ice and sand particles larger than about
10 p in radius for this case, so that the effects of melting are
minimal. On the other hand, raindrops smaller than about
50 p radius will be completely shattered in the nose region.

In the conical-flow region, deflection effects are very im-
portant. For a 10° half-angle cone, the impact angle 10 ft
downstream of the nose is reduced to 5° for ice particles
smaller than about 150 u radius and sand particles smaller
than about 60 p radius. There is no solid-particle melting in
the conical shock layer. Raindrops smaller than about 700 p
radius, which would strike the cone 10 ft downstream of the
nose in the absence of a shock layer, will be completely shat-
tered by the relative flow in the shock layer, so that very little
rain will reach the cone surface downstream of this station,
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A Unified Analysis of Gaseous Jet Penetration

F. 8. BiLuig,* R. C. OrTH,T AND M. Lasky}
The Johns Hopkins University, Applied Physics Lab., Silver Spring, Md.

The strengths and weaknesses of various physical and mathematical concepts that have
been employed in the development of theories ¢oncerning transverse gaseous jet penetration
into a supersonic stream are discussed in relatig(io the latest experimental results reported
in the literature. A new unified model that provides excellent agreement with measured flow
field properties is presented. The development of this model rests on the similarity that
exists between a jet discharging into a quiescent medium and a jet discharging into crossflow.
By the suitable definition of an “effective back pressure,’’ a correlation is obtained between
the normal distance to the center of the Mach disk and the ratio of injection pressure to ef-
fective back pressure. Other correlations are used to obtain the size and shape of the initial
portion of the jet, which permit the calculation of a) the complete trajectory of the inj ectant
and b) a one~-dimensional approximation of the mass-averaged properties at any point along

the trajectory downstream of the Mach disk.

Nomenclature
A = area
A, = projected area
C, = pressure coefficient = (» — p.)/ga
Cp,* = stagnation pressure coefficient deﬁned by Eq. (6b)
D = jet diameter
D;j* = diameter of jet orifice at sonic point
Fy = normal force on jet element (Flg 8)
F, = defined as fa.pd4
h = enthalpy [Eq. 4)]
h = radius of quarter sphere-half cylinder injection model
k' = diameter of spherical nosed eylinder injection model
h = ordinate of jet center of mass
K = constant defined in Eq. (42)
m = mass
M = Mach number
p = pressure
ps = effective back pressure = 3pu,
p./ = pitot pressure
p;* = pressure at sonic point in jet orifice
q = dynamic pressure = pu?/2
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jet radius

local radius of curvature for jet trajectory

distance along jet trajectory

temperature

velocity

Mach disk diameter (Fig. 8)

axial distance measured from center of injection port
normal distance from point of injection

normal distance to center of Mach disk (Fig. 4)
maximum ordinate of Mach disk (Fig. 8)

lateral distance measured from center of injection port
local angle of freestream flow (Fig. 1)

defined in Eq. (27) (Fig. 8)

local angle of jet centerline (Fig. 1)

local angle of jet surface in plane of symmetry
function defined by Eq. (12b)

ratio of specific heats

T R O A

L =S, R NQ<SQ&§§ ’ﬂ”"gd"}

Superscript
() = averaged one-dimensional property at a partlcular
) station
Subscripts
a = undisturbed freestream conditions at upstream edge of
control volume (Fig. 1)
b = freestream conditions at downstream edge of control

volume (Fig. 1)
jet stream conditions at downstream edge of control
volume (Fig. 1)

[4

J = jet conditions at point of injection (Fig. 1)
fi = jet diameter for py;/pi, = 1 (Fig. 11)
A, = axial direction of surface integration on jet-freestream

boundary (Fig. 1)



